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Abstract
Ensemble prediction systems are a powerful tool to investigate forecast uncertainty in numerical weather prediction. However, computational resources limit the number of members in operational ensembles, which is not sufficient to accurately represent probability
distributions of forecast variables. This thesis investigates these distributions using a large
convective-scale, 1000-member ensemble. The inspected dataset consists of 14-hour forecasts of the SCALE-RM model with a resolution of 3 km over Germany, during a convectively active summertime period in 2016.
Distributions of forecast variables are categorized in 3 groups, based on their shape and
properties: normally distributed, highly skewed and mixture distributions. It is shown that
temperature and wind at 500 hPa and pressure at sea level are normally distributed variables, precipitation and reflectivity have highly skewed distributions and moisture-related
variables, like specific or relative humidity, are mixtures.
In addition, spatial scale dependency and time evolution of probability distributions is
studied. It is found that increasing the sampling region width more than 200 km leads to
mixing of independent distributions and can cause non-Gaussianity and multi-modality. A
conceptual model of time evolution of distributions is presented and the emerging results
for lead times up to 14 hours are compared with it. Mixture variables appear to follow this
model fairly accurately, although the last stage is not reached due to the short lead time.
It is also shown that at least 320 to 600 ensemble members are needed for the distributions’
properties to start converging towards the values of the full, 1000-member sample. Lastly,
it is found that precipitation and vertical velocity extreme events depend more on ensemble
size than other variables.

viii

Chapter 1
Introduction
Increasing computational power has allowed for higher resolution numerical weather prediction (NWP) models to run operationally, simulating convective-scale phenomena. This
brought new challenges in NWP: given the faster error growth at smaller scales, a probabilistic approach is required (Lorenz, 1969; Hohenegger et al., 2006; Clark et al., 2010).
Ensemble prediction systems (i.e. ensembles) are of great help in representing this uncertainty, indicating a range of possible outcomes from small perturbations in initial and
boundary conditions, as well as model physics.
Another challenge in higher resolution NWP is the accuracy of initial conditions at smaller
scales (Stensrud et al., 2009; Sun et al., 2014). Current operationally used Data Assimilation (DA) systems were implemented under the assumption that error probability density
functions (PDFs) are Gaussian and do not perform well when this assumption is not met
(Evensen and van Leeuwen, 2000). This happens more frequently at smaller scales because
of non-linear processes (Zhang, 2005).
Large ensembles are required to accurately investigate the shape of PDFs to improve both
the understanding of forecast uncertainty and data assimilation. A small ensemble is likely
to fail capturing non-Gaussian effects, such as multi-modality and outliers (Bannister et al.,
2017). This study provides some new insights into this field using a unique dataset with a
convective-scale 1000-member ensemble.
Chapter 1 introduces ensemble prediction in NWP and then presents the research questions
and the outline of this thesis.
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1.1

1. Introduction

Ensemble prediction

Before the 1990s, NWP was prevalently treated as a well-defined deterministic problem,
although several studies demonstrated the chaoticness of the atmospheric system (e.g.
Lorenz, 1969). The intensity of instabilities and the error growth rate depend on the scale
of motions, since spacial and temporal scales of features are connected: smaller-scale cumulus clouds develop as perturbations to the prevailing environment in the order of tens
of minutes, while large-scale extratropical cyclones evolve over several days. For smaller
systems, this results in much faster nonlinear perturbation growth. Faster perturbation
growth corresponds with faster error growth and therefore a faster loss in predictability
for smaller-scale features (Toth and Buizza, 2019). Lorenz (1969) investigated the “predictability of a flow which possesses many scales of motions” using a simple mathematical
model and found that “each scale of motion possesses an intrinsic finite range of predictability”. He concludes that “cumulus-scale” motions can be predicted up to about one hour,
synoptic-scale motions a few days and the largest, planetary scales a few weeks in advance.
This scale dependence of predictability shows up also in contemporary predictability studies (Boer, 2003).
Given the increased resolution of operational NWP models in the last decades, convectivescale features are now represented and simulated operationally. Since the predictability of
these features is in the range of hours, a probabilistic approach is more suitable than a
single deterministic forecast. Ensemble prediction is of significant help in representing this
uncertainty.
The ensemble approach consists in generating a set of perturbed forecasts, designed to
simulate the effect of possible uncertainties in the control (unperturbed) forecast. The
resulting set of perturbed forecasts can then be used to estimate the uncertainty of the
forecast, the most likely set of values of a certain variable, etc. Buizza and Leutbecher
(2015) also defined the predictability horizon as the time when the PDF became indistinguishable from the climatological PDF.
In the last decades, different ensemble generation techniques have been tested. The first
attempts in the 1980s, with random perturbations to initial conditions or lagged ensembles
(forecasts initialized recently at different times) did not deliver the desired results: in the
latter, short-term forecast quality was deteriorated by older forecasts, while the former did
not provide sufficient forecast diversity (spread). More promising techniques have been
developed in the 1990s, that can simulate initial condition and model-related uncertainties. The European Centre for Medium-Range Weather Forecasts (ECMWF) implemented
the Singular Vectors (SVs) technique, which are the perturbations with the fastest growth
over a finite time interval. In 2008, Ensembles of Data Assimilations were incorporated, i.e.
perturbations from multiple DA cycles, which together with SVs remain today an essential
component of the ECMWF ensemble (Toth and Buizza, 2019).

1.1 Ensemble prediction
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Ensembles provide not only the most likely scenario, but also the associated uncertainty
and are therefore very useful in operational weather forecasting, as well as in predictability
studies. Ensembles of short-range forecasts or DA cycles are also used in ensemble DA
(such as in the Ensemble Kalman Filter) and to estimate the uncertainty of the analysis.
In the context of higher resolution NWP and the simulation of smaller-scale features, ensemble prediction helps us to address some of the connected issues. Firstly, it applies the
required probabilistic approach to NWP, giving better estimates of the forecast uncertainty.
Secondly, it allows us to represent PDFs of forecast variables, which are essential to understand the evolution of forecast uncertainty and to develop data assimilation algorithms
that provide accurate initial conditions.
Figure 1.1 shows how ensemble prediction systems can be used to investigate forecast
uncertainty and the PDFs of forecast variables. Compared to the deterministic, control
forecast, the ensemble represents several possible scenarios for the evolution of the state
of the atmosphere, indicating which are potentially more likely if members are “close together”. In the example in Figure 1.1, the control forecast deviates significantly from
reality at the end, while half of the ensemble members are close to it. The resulting PDF
has three peaks, the largest just around the real value of temperature.
However, to accurately represent PDFs and better resolve their details, a large number
of ensemble members is required . Because of computational power limitations, current
operational ensembles in NWP centers have sizes only up to 50 members for global models
and even fewer for limited area models (LAM), which is not enough to accurately represent the nonlinear evolution of PDFs (Leutbecher, 2019). Furthermore, the problem of
undersampling in ensemble prediction has been studied more for large-scale models, while
few studies focused on LAM. Using an intermediate atmospheric general circulation model,
Kondo and Miyoshi (2019) performed experiments with up to 10 240 ensemble members,
suggesting that approximately 1000 ensemble members were necessary to represent the
detailed structures of PDFs, such as multi-modality and tails. Focusing on the convective
scale, Harnisch and Keil (2015) found that an increase of ensemble size from 20 to 40
members led to a more accurate analysis and more accurate 3-hour-forecast. Hagelin et al.
(2017) showed a large improvement in forecast skill for precipitation with a doubling of ensemble size from 12 to 24 using the Met Office convective-scale ensemble (MOGREPS-UK).
Raynaud and Bouttier (2017) compared the benefits of increasing ensemble size from 12 to
34 members, to the benefits of increasing horizontal resolution from 2.5 to 1.3 km. They
showed that the increase in ensemble size is more beneficial than a resolution increase for
lead times greater than about 12 h, when there is a larger uncertainty to be sampled, which
agrees with Legrand et al. (2016), who found that non-Gaussianity increases with forecast
lead time. Their and previous studies using big ensembles at both global scale and regional
scale agree that the largest non-Gaussianity arises from highly non-linear processes in deep
convective clouds (Miyoshi et al., 2014; Jacques and Zawadzki, 2015). Kawabata and Ueno
(2020) examined the shape of forecast distributions with a 1000 member convective-scale
ensemble using a particle filter approach. They found that non-Gaussianity can develop in
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much less than an hour in deep moist convection, originating in the region of the convective
updraft.
The question of how to increase ensemble size without increasing computing resources
through alternative cheap approaches like neighbourhood techniques and lagged ensembles has also been studied (e.g. Ben Bouallègue et al., 2013; DelSole et al., 2017). Porson
et al. (2020) recently showed that the time-lagging objectively improves the forecast at
all lead times, with larger improvements in the first few hours. Increasing the size of a
time-lagged ensemble through lagging over additional cycles leads to small but significant
improvements, larger in most cases than those that can be obtained through neighbourhood processing.

Figure 1.1: Schematic representation of the time evolution of an ensemble, showing the
initial PDF of temperature and one at a later time. The single ensemble members (thin
blue lines, f cj ) are compared with the control forecast (thick blue line, f c0 ) and reality
(thick red line). Figure 13 of Toth and Buizza (2019).

1.2 Research questions and outline

1.2
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Research questions and outline

In this study, a convective-scale 1000-member ensemble is used to investigate forecast
uncertainty in high resolution ensemble prediction in a convective environment. The main
scientific questions of this study are the following:
1. Is it possible to classify PDFs of forecast variables in a limited number of categories
based on their shape?
2. How do PDFs of forecast variables depend on the spatial scale they represent and
how do they evolve with lead time?
3. How does the size of the ensemble influence PDFs of forecast variables and how large
must the ensemble be to accurately represent the forecast distribution?
Preliminary results suggest 3 stages of PDF time evolution. Firstly, the error grows spatially and temporally from the initial Gaussian distribution coming from DA algorithms
and the distribution broadens as the position and intensity of convective cells diverge.
Secondly, when the initial convective cells decay and are replaced by new ones, the distribution develops non-Gaussian features such as heavy tails representing rare extreme events
or multimodal structures associated with long-lived organized convective systems. Lastly,
the distribution converges to the one determined by the synoptic environment and all predictability associated with the initial convective state is lost. This suggested conceptual
model of PDF evolution, shown in Figure 1.2, is compared with new results. Differences
between the time evolution of distributions in a stronger and a weaker synoptically-forced
case are briefly discussed as well.
This thesis is structured as follows: Chapter 2 introduces the used dataset and the synoptic situation during the experimental period. Then the employed methods are described,
followed by the presentation of the results and the discussion in chapter 3. Conclusions
are proposed in chapter 4.

Figure 1.2: Conceptual model of the time evolution of PDFs of forecast variables.
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Chapter 2
Data and methods
2.1

The SCALE-RM ensemble

The data used in this study was produced in the experiment performed by Necker et al.
(2020a) with the SCALE-RM model, which consists of ten ensemble forecasts during summer 2016 over Germany. The simulation was computed on the K computer in collaboration
with the RIKEN Institute for computational science in Japan.
The offline nesting approach was used by downscaling the initial conditions from a larger,
15-km grid-spaced domain to a smaller, 3-km domain (shown in figure 2.1) every 12 hours.
The larger domain was used for the 15-km ensemble data assimilation 3h-cycles with the
Global Ensemble Forecast System (GEFS) of the National Center for Environmental Prediction (NCEP) boundary conditions. The initial conditions were taken from a previous
15-km, 1000-member DA experiment over the same domain, spun up for a week. The
boundary conditions for the 3-km domain were provided hourly by a parallel 15-km simulation on the outer domain, initialized every 12 hours. The boundary conditions for 15-km
forecast were prepared every 6 hours, using a combination of randomly generated perturbations and the 20-member GEFS analyses. Please refer to Necker et al. (2020a) for more
details about the ensemble setup.
The simulation used the Scalable Computing for Advanced Library and Environment Localized Ensemble Transform Kalman Filter (SCALE-LETKF) DA system (Lien et al., 2017).
The SCALE-LETKF system combined the open source Scalable Computing for Advanced
Library and Environment Regional Model (SCALE-RM: version 5.1.2; see Nishizawa et al.,
2015; Sato et al., 2015; Nishizawa and Kitamura, 2018) and a Localized Ensemble Transform Kalman Filter (LETKF: Hunt et al., 2007). The LETKF assimilated conventional
observations using a 3-hr assimilation window on the 15-km grid. All experiments used the
Tomita (2008) single-moment bulk microphysics scheme, the Mellor–Yamada–Nakanishi–Niino
2.5 closure boundary-layer scheme (Nakanishi and Niino, 2004), the Model Simulation Radiation Transfer code for the representation of radiative fluxes (Sekiguchi and Nakajima,
2008), and the Beljaars-type surface model (Beljaars and Holtslag, 1991) for the computation of soil variables and surface fluxes.
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Figure 2.1: Left: flow chart of the simulation setup (from Necker et al. (2020a), Figure 1).
Right: 15-km grid-spaced model domain used for data assimilation cycling and boundary
conditions (dashed green), the full domain (solid yellow) and the Southern subdomain
(solid red) of the 3-km forecast.

The forecasts used in this study are on the 3 km grid and span from 29 May, 12 UTC to 6
June, 02 UTC. A forecast was initialized every 12 hours (00 or 12 UTC) up to a lead time
of 14h. The domain measures 350x250 grid-points with 30 vertical levels.

2.2

Synoptic situation

The analyzed period (from 29 May to 5 June 2016) was characterized by a fairly stationary
weather pattern over central Europe with an upper-level trough over western Europe,
accompanied by a shallow surface low in the first part of the simulation period, followed
by a weaker pressure gradient synoptic pattern (figure 2.2). The mid-level winds backed
from warm and moist southerly to easterly in the first period and to north-easterly in the
second period.
Throughout the simulation, the environment was highly unstable with surface heating and
convective instability triggering convective activity, which was particularly intense in the
first few days and caused high impact weather in parts of Germany, also caused by low
mid-level wind speeds, which kept the convective cells’ motion slow.
Especially later in the simulation period, convection followed a clear diurnal cycle, with a
peak later in the afternoon.
Because of the intense, extensive and recurring convection, this period has been the focus of
many studies (e.g. Piper et al., 2016; Keil et al., 2019; Bachmann et al., 2020; Necker et al.,
2020b; Scheck et al., 2020) and offers a good environment to investigate the peculiarities
of PDFs of forecast variables in convective conditions.

2.3 Methods

(a) 31 May 2016, 18 UTC
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(b) 5 June 2016, 12 UTC

Figure 2.2: ECMWF ERA-Interim reanalysis of geopotential height (dam, white contours)
and temperature at 500 hPa ( ◦ C, shaded) for 31 May 2016, 18 UTC (a) and 5 June 2016,
12 UTC (b).

2.3
2.3.1

Methods
Data selection and distribution classification

Probability distributions of data are easily explored by looking at histograms. In a chosen model domain, it aggregates values at all gridpoints inside the domain, for all the
ensemble members. All 3-dimensional variables were only looked at on a constant pressure
level. If the domain size is n × m gridpoints and nens is the number of ensemble members,
n × m × nens is the number of values included in the histogram.
The model domain was systematically divided into several subdomains to cover a range
of environments as complete as possible. Given the geographical differences between the
southern and northern part of Germany, namely the influence of the sea in the north, the
southern half was chosen for investigation, as shown in picture 2.1. Convection was also
generally more intense and widespread over and around the Alps in the south.
The shape of the subdomain was chosen to cover half of the model domain at full width.
This ratio was used also for smaller subdomains, all centered above the same gridpoint
(see figure 2.3). The smallest examined subdomain was 5 gridpoints wide and 7 gridpoints
long (15 × 21km).
Histograms were plotted to analyse the large amount of distributions created. If reasonable, a Gaussian or other standard PDF was additionally plotted to compare it to the
histogram. Variables were then categorized into groups with similar characteristics, based
on their shape and this comparison. It has to be emphasized that the choice of variables was limited to temperature, horizontal and vertical wind velocities (u, v, w), specific
humidity, relative humidity, hydrometeor mixing ratio, radar reflectivity, surface level pressure, surface precipitation rate, surface net longwave radiation flux, surface net shortwave
radiation flux, surface downward longwave radiation flux, surface downward shortwave ra-
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(a) Hourly precipitation

(b) SSD at 500 hPa

(c) 14-hour precipitation
since 31 May 2016, 12 UTC

(d) 14-hour precipitation
since 5 June 2016, 12 UTC

Figure 2.3: SCALE-RM ensemble mean hourly precipitation (a), specific saturation deficit
at 500 hPa (b) and 14-hour accumulated precipitation (c, d) for indicated times. The red
rectangles are the subdomains used in the analysis of spacial scale dependency (see section
2.3.2).
diation flux, TOA net longwave radiation flux and shortwave radiation flux. The selected
variables for investigation were temperature, horizontal and vertical wind velocity, reflectivity, specific humidity, relative humidity, specific saturation deficit, surface precipitation
rate and pressure at mean sea level. All variables were extracted at 500 hPa apart from
the last two.

2.3 Methods

11

Specific saturation deficit (SSD) was defined as the difference between the saturation water
vapor mixing ratio at the gridpoint temperature and the actual mixing ratio:

qdef = qsat − q = q f −1 − 1 ,
(2.1)
where f is the relative humidity. Results for 31 May 2016 are presented, because most of
the specific features of distributions were visible. However, two other days were analysed,
29 May and 5 June 2016, the former exhibiting more intense and organised convective
activity over the domain and the latter much weaker large-scale forcing and more scattered
convection, mostly over orography.

2.3.2

Scale and time dependency

Six spatial scales were determined: 3, 45, 120, 285, 375 and 525 km of subdomain width.
3 km corresponds to one gridpoint, while 525 km covers the full southern domain. Distributions of variables were examined for these six subdomains, centered over the middle
point of the largest subdomain (see figure 2.3) for one fixed point in time (31 May 2016,
18 UTC, +6h lead time). Histograms were produced in two ways: by aggregating data,
as explained in the previous section, and by spatially averaging data over the examined
domain, to investigate two different spacial scale dependencies.
Time dependency was studied by fixing the domain size (45 km wide) and plotting PDFs
for lead times from the first timestep (a few seconds) to 14 hours. Histograms were then
compared to the conceptual model of distribution evolution in figure 1.2.

2.3.3

Sampling error and extreme values

To quantify sampling error, sub-samples of size 20, 40, 80, 160, 320, 600 and 800 were
selected, as in Necker et al. (2020a). The sub-samples were constructed considering the
boundary conditions production with the 20 GEFS members, to avoid clustering. The
Kolmogorov-Smirnov two-sample test was performed for each of the sub-samples against
the full, 1000-member ensemble, which is considered to be a good estimate of the truth.
The two-sample Kolmogorov-Smirnov test is a nonparametric hypothesis test that evaluates whether two samples come from the same distribution (Bonamente, 2017). The test
statistic is defined as:
Dmn = max |Fm (x) − Gn (x)|
(2.2)
x

where Fm (x) is the sample cumulative distribution of a set of m observations, and Gn (x)
that of another independent set of n observations. The statistic Dmn therefore measures
the maximum deviation between the two cumulative distributions. Its purpose in this
analysis was to compare the statistic for sub-samples of different sizes, so the resulting
values were not compared with critical values.
Additionally, the sample mean and variance were computed for all sub-samples. These
values were then subtracted from the values for the full, 1000-member sample and divided
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by these same values, to obtain a relative deviation of these distribution moments from
the moments of the 1000-member distributions, i.e.
Rm,1000 =

Mm − M1000
∆M
=
M1000
M1000

(2.3)

where Mm is the moment of the distribution obtained from the sub-sample of size m and
M1000 the moment of the distribution obtained from the 1000-member sample.
Subsamples were chosen for three different subdomain sizes: 45, 120 and 375 km of width.
For each subdomain size, several samples were chosen, to cover the largest as much as
possible, without too many overlaps. This way, 71 samples for the 45 km, 20 samples for
the 120 km and 1 sample for the 375 km wide subdomain were obtained. Sample means
were calculated for all sampling error statistics.
The same procedure was adopted to evaluate the probability of extreme values depending
on ensemble size. The 95th percentile of distributions was calculated for this purpose and
compared to the value for 1000 members according to equation 2.3.

Chapter 3
Results and discussion
3.1

Distributions classification

After a subjective graphical analysis, distributions are categorized into three groups: normally distributed, mixtures and highly skewed distributions. Table 3.1 shows how the
examined variables are assigned to these groups. In this section, examples for each group
are described and a physical interpretation for this classification is presented.
Normally distributed variables, such as temperature (see figure 3.1a), all wind components
at 500 hPa and pressure at mean sea level, always stay close to a Gaussian distribution,
independently of the aggregation region size and the forecast lead time.
The highly skewed category comprises distributions that are not Gaussian because of their
large skewness. Distributions of precipitation (see figure 3.1b) and reflectivity, which are
naturally connected through hydrometeor content, belong to this class. Moreover, precipitation distributions are close to log-normal because of underlying physics. Precipitation
Group
Normally distributed

Highly skewed
Mixtures

Variable
Temperature
Horizontal wind velocity
Vertical wind velocity
Pressure at mean sea level
Precipitation
Reflectivity
Specific humidity
Specific saturation deficit
Relative humidity

Table 3.1: Classification of variables in groups. All 3-dimensional variables are extracted
at 500 hPa, apart from pressure, which is at mean sea level.
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(a)

(b)

Figure 3.1: Histograms of temperature [◦ C] at 500 hPa (a) and precipitation [mm] in the
last hour (b) on 31 May at 18 UTC in a 375 km wide sub-domain. N is the used number of
gridpoints. A Gaussian with the same mean and standard deviation (a) and a log-normal
PDF (b) are shown for comparison.
development in clouds is a multiplicative process, which becomes additive on a log scale.
This yields a log-normal distribution, following the law of proportionate effect (Kedem
and Chiu, 1987). However, precipitation distributions show a significant number of values
below 0.01 mm per hour. These values are not meaningful and are usually referred to as
“model drizzle”.
The last group, mixture distributions, appears to deviate significantly from the Gaussian
assumption, especially in convective environments, when nonlinear processes are important. In this study, all moisture-related variables belong to this category. The origin of
their distribution shape is the natural bimodality given by cloudy and clear gridpoints, as
seen in figure 3.2. Cloudy gridpoints are moister, although they do not necessarily appear
as saturated, which makes their distribution strongly skewed. The distribution for cloudfree gridpoints is considerably more Gaussian.
Moisture transport converges into convective clouds and diverges in clear regions, which
together with subsiding dry air in clear sky areas between convective clouds enforces this
bimodality. Moreover, specific humidity and specific saturation deficit are always positive,
while relative humidity is also bounded by 100%, preventing distributions from having long
tails.

3.1 Distributions classification

(a)

15

(b)

(c)

Figure 3.2: Histograms of (a) specific humidity [g/kg], (b) specific saturation deficit [g/kg]
and (c) relative humidity [%] at 500 hPa in the southern region with a width of 375 km
on 31 May, 18 UTC. A Gaussian with the same mean and standard deviation is shown for
comparison. The colors indicate contributions from cloudy and clear gridpoints at 500 hPa,
respectively. The criterion to distinguish cloudy gridpoints is a simulated radar reflectivity
higher than -19 dBZ at 500 hPa.
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3. Results and discussion

Scale and time dependency

Scale dependency is studied by analyzing distributions of variables for six concentric subdomains on 31 May 2016 at 18 UTC, as explained in section 2.3.2. Histograms are produced
by aggregating data or by spatially averaging data over the examined domain.

3.2.1

Aggregation

A larger aggregation region (45 or 120 km instead of 3 km) reduces the noise, especially
for precipitation, due to independent realizations of the same distribution (figure 3.3).
However, if the aggregation region increases over around 200 km of width, different distributions start contributing to the histogram (e.g. cloudy and clear regions), so the SSD
distribution develops a second peak. On the other hand, the temperature distribution
remains Gaussian, but broadens.

Figure 3.3: Histograms of temperature at 500 hPa (first row), precipitation (second row)
and specific saturation deficit at 500 hPa (third row) on 31 May 2016 at 18 UTC in southern
Germany. The histograms are computed by aggregating data. Sub-domain width increases
from left to right (3, 45, 120, 285, 375 and 525 km). A Gaussian or log-normal distribution
(for precipitation) with the same mean and standard deviation is shown for comparison.

3.2 Scale and time dependency

3.2.2

17

Averaging

When averaging over small areas (up to around 200 km), distributions remain similar to
the distribution for a single (central) gridpoint, because the realizations are not independent due to correlations in space. On the contrary to the aggregation approach, averaged
distributions converge to a Gaussian over regions of more than around 200 km of width
(figure 3.4). Sampled distributions are then independent, given the decrease in spacial
correlations on longer distances, resulting in a Gaussian distribution according to the Central Limit Theorem, which says that the sum of a large number of independent random
variables is approximately distributed as a Gaussian (Bonamente, 2017).
If the distribution has long tails (e.g. precipitation) it does not converge to a Gaussian but
rather to a highly skewed distribution, like the log-normal distribution.

Figure 3.4: Histograms of temperature at 500 hPa (first row), precipitation (second row)
and specific saturation deficit at 500 hPa (third row) on 31 May 2016 at 18 UTC in
southern Germany. The histograms are computed by averaging over the sub-domain. Subdomain width increases from left to right (3, 45, 120, 285, 375 and 525 km). A Gaussian
or log-normal distribution (for precipitation) with the same mean and standard deviation
is shown for comparison.
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3.2.3

3. Results and discussion

Time evolution

The time evolution of distributions is compared with the conceptual model presented in
the introduction (figure 1.2). Distributions are inspected on a 45km-wide subdomain.
Figure 3.5 shows that SSD has the most variable distribution, which follows quite well the
conceptual model. It starts close to Gaussian because of Data Assimilation, then it gets
thinner and positively skewed and towards the end of the forecast period a second peak
appears, when the distribution also gets broader. However, the last stage of the conceptual
model is very likely not reached with a lead time of 14h. The other inspected variables’
distributions do not experience such a time evolution. Precipitation starts forming already
at the first time step, but the spin-up time amounts to more than 2 hours, which explains
the initial different shape of the distribution.

(a) +0 h

(b) +2 h

(c) +6 h

(d) +10 h

(e) +14 h

(f) +0 h

(g) +2 h

(h) +6 h

(i) +10 h

(j) +14 h

(k) +0 h

(l) +2 h

(m) +6 h

(n) +10 h

(o) +14 h

Figure 3.5: Histograms of temperature (top row, a-e), precipitation (middle row, f-j) and
specific saturation deficit (bottom row, k-o) on 31 May 2016 in southern Germany, for a
45 km wide sub-domain. Forecast lead time increases from left to right from the first time
step (12 UTC) to 14 hours (02 UTC, 1 June). A Gaussian or log-normal distribution (for
precipitation) with the same mean and standard deviation is shown for comparison.
Some signals of the diurnal cycle might also be visible, but the studied forecast period
covers only half of the day and starts at 12 UTC. The temperature distribution shape does
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not change a lot with lead time, apart from getting slightly skewed and shifted to lower
values, likely due to advection of colder air.
To briefly illustrate case dependency, results for 5 June 2016 are here presented as well.
While 31 May is a synoptically forced convection case, with widespread large amounts
of accumulated precipitation throughout the 14-hour forecast period, as shown in the ensemble mean accumulated precipitation map in figure 2.2, on 5 June, larger values only
appear over orography (especially the Alps), where convection is triggered more successfully. Therefore, SSD distribution shape changes much less drastically both in time and
space in this case, with more isolated convection. In fact, the PDF stays close to a Gaussian throughout the forecast period shown in figure 3.6 due to the prevalence of cloud-free
gridpoints in the analyzed subdomain.
The precipitation PDF becomes noisier at later lead times due to a cessation of convective
activity in the evening in many ensemble members.
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Figure 3.6: Histograms of temperature (top row, a-e), precipitation (middle row, f-j) and
specific saturation deficit (bottom row, k-o) on 5 June 2016 in southern Germany, for a 45
km wide sub-domain. Forecast lead time increases from left to right from the first time
step (12 UTC) to 14 hours (02 UTC, 6 June). A Gaussian or log-normal distribution (for
precipitation) with the same mean and standard deviation is shown for comparison.
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3. Results and discussion

Sampling error and probability of rare events

An important question in ensemble prediction is how many members are needed for a
realistic representation of forecast uncertainty. To address this question, samples of 20, 40,
80, 160, 320, 600 and 800 ensemble members are compared to the full, 1000-member sample
(the truth). Precipitation seems to be the least dependent on ensemble size, according to
the results of the Kolmogorov-Smirnov test of similarity between distributions (figure 3.7).
The standard deviation within testing samples is indicated with errorbars (see section
2.3.3). For the values of all the considered variables’ distributions to start converging
towards the values for the truth, results suggest that 320 to 600 members are needed.
The dependency of sample mean and variance on ensemble size is investigated by comparing
it for each sub-sample of smaller size to the moments of the 1000-member sample (figure
3.8). The temperature sample mean shows virtually no dependence on ensemble size, while
the sample means of specific humidity and precipitation are more variable. The former is
always lower for smaller samples, while the latter is always higher for the small and medium
sub-regions of aggregation. The sample variance is more variable for specific humidity and
temperature, without following a significant pattern with sample size.
The effect of ensemble size on extreme values is analyzed by comparing the 95th percentile
of distributions (figure 3.9). Precipitation and vertical velocity are the most variable with
ensemble size and are correlated, since extremely strong updrafts are usually connected
with strong convective cells that produce heavy precipitation. The 95th percentile of specific
humidity and temperature change less than 1% with smaller ensemble size, compared to
the truth. It can be therefore concluded that the sample size mostly affects precipitation
extreme events connected with strong convective storms, which was expected due to their
intermittent nature and high spatio-temporal variability.

(a)

(b)

(c)

Figure 3.7: Statistic of the Kolmogorov-Smirnov two-sample test, where each sub-sampled
ensemble of size 20, 40, 80, 160, 320, 600 and 800 is compared with the full 1000-member
ensemble for specific humidity (q), temperature (T) and precipitation (prec.). Results are
presented for three sub-domain widths: 45 km (a), 120 km (b) and 375 km (c), on 31 May
2016 at 18 UTC. The errorbars show the standard deviation of the tested samples of size
72 (a), 20 (b) and 1 (c).
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(a)
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(c)

(d)
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(f)

Figure 3.8: Relative deviation of the mean (first row) and of the variance (second row)
from the moments of the 1000 member ensemble, for sub-sampled ensembles of size 20, 40,
80, 160, 320, 600 and 800, for specific humidity (q) and temperature (T). For precipitation
(prec.), relative deviation from the moments of its logarithm are shown. Results are presented for three sub-domain widths: 45 km (a, d), 120 km (b, e) and 375 km (c, f), on 31
May 2016 at 18 UTC.

(a)

(b)

(c)

Figure 3.9: Relative deviation of the 95th percentile from the value for the 1000-member
ensemble, for sub-sampled ensembles of size 20, 40, 80, 160, 320, 600 and 800, for specific
humidity (q), temperature (T), precipitation (prec.) and vertical velocity (w). Results are
presented for three sub-domain widths: 45 km (a), 120 km (b) and 375 km (c), on 31 May
2016 at 18 UTC.
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Chapter 4
Summary and conclusions
The steady increase in computational resources allows for convection-permitting simulations to be run operationally using high-resolution NWP models. Nevertheless, there are
several challenges to overcome in smaller-scale weather prediction, from error growth to
the accuracy of initial conditions. Ensemble prediction systems are very useful to investigate these uncertainties; however, due to limited computational resources, the number
of members in operational ensembles in NWP is still not sufficient to accurately represent
the nonlinear evolution of the PDFs of forecast variables.
A convective-scale 1000-member ensemble is used to study PDFs of forecast variables,
in particular their shape, their spatial dependency and time evolution. The analyzed period between May and June 2016 was convectively very active in central Europe, offering a
unique environment to study the effects of convection on PDFs of forecast variables. Previous studies (e.g. Miyoshi et al., 2014; Jacques and Zawadzki, 2015; Kawabata and Ueno,
2020) have shown that highly non-linear processes in convective clouds lead to stronger
non-Gaussianity of PDFs, which is confirmed in this study.
Histograms of forecast variables are graphically inspected to categorize distributions in
groups based on their shape and properties, which addresses the first of the posed scientific questions. Distributions are categorized in three groups: normally distributed, highly
skewed and mixtures distributions. Temperature and wind at 500 hPa as well as pressure
at sea level are normally distributed variables, since they are always close to a Gaussian.
Precipitation and reflectivity, similar under certain conditions, are highly skewed variables,
the former is mostly close to a log-normal distribution. Mixture distributions deviate the
most from a Gaussian. Variables, whose distributions are mixtures, are all moisture-related
in this study, mainly because of the cloudy/clear bimodality, but also because of physical
constraints such as non-negativity of specific and relative humidity. These findings are in
agreement with those of Legrand et al. (2016), who showed that specific humidity is the
least Gaussian among the studied variables.
Scale dependency is investigated by aggregating and by averaging over subdomains of different width, from 3 up to 525 kilometers. A larger aggregation region reduces noise, which
could be used to artificially increase ensemble size as a neighbourhood method. However, if
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the region is too large (above around 200 km), the distribution becomes a mixture. When
spatially averaged, distributions start converging to a Gaussian at about 200 km, the same
scale as for the aggregation, according to the Central Limit Theorem of independent variables. In the case of precipitation the distributions converge to a skewed distribution close
to a log-normal.
The time evolution of distributions is compared to the conceptual model presented in the
introduction. Mixture variables follow the conceptual model in the first two stages, spatiotemporal error growth and unpredictable regime transitions, but the limited forecast lead
time (14 hours) does not allow for the last stage to be reached. Other types of distributions
are much less variable.
An estimate of sampling error is made with the use of sub-samples of the ensemble with
a smaller ensemble size. Results suggest that at least 320 to 600 members are needed for
the distributions to be robustly similar to the one given by the full ensemble. This is more
than in Necker et al. (2020a), who showed that using 200 members instead of 40 substantially improves estimated covariances for convective-scale DA. In addition, the shape of
the precipitation distribution seems to be the least dependent on ensemble size.
Finally, the dependence of the probability of rare, extreme events on ensemble size is investigated by computing the 95th percentile of distributions. Precipitation and vertical
velocity extremes are the most dependent on ensemble size, without a significant pattern,
apart from the the two variables being correlated.
The dataset used in this work has a few limitations; data is available only hourly and
on certain pressure levels, as well as only for some variables. Future research in this field
should also consider larger ensembles to study sampling error more accurately. The vertical structure of PDFs of 3-dimensional forecast variables should be investigated, since all
the analyses in this study are done only for a single pressure level. Distributions in the
boundary layer are particularly interesting and complex. A longer forecast lead time has
to be considered to study the evolution of forecast uncertainty and compare it to the later
stages in the conceptual model of PDF evolution presented here.
A detailed understanding of the processes leading to error growth in weather forecasts
should improve current prediction systems, so that they would represent the future state
of the atmosphere and its uncertainty more accurately. A precise characterization of the
properties of the distribution of uncertainty throughout the forecast period is a necessary
contribution to this goal, and will ultimately provide a basis for evaluating other contributions to the uncertainty that are not represented in the current simulations.

Bibliography
Bachmann, K., Keil, C., Craig, G. C., Weissmann, M., and Welzbacher, C. A., Predictability of deep convection in idealized and operational forecasts: Effects of radar data
assimilation, orography, and synoptic weather regime, Monthly Weather Review, 148
(1):63–81, 2020. doi: 10.1175/MWR-D-19-0045.1. URL https://doi.org/10.1175/
MWR-D-19-0045.1.
Bannister, R. N., Migliorini, S., Rudd, A. C., and Baker, L. H., Methods of investigating
forecast error sensitivity to ensemble size in a limited-area convection-permitting ensemble, Geoscientific Model Development Discussions, 2017:1–38, 2017. doi: 10.5194/
gmd-2017-260. URL https://www.geosci-model-dev-discuss.net/gmd-2017-260/.
Beljaars, A. C. M. and Holtslag, A. A. M., Flux parameterization over land surfaces for
atmospheric models, Journal of Applied Meteorology, 30(3):327–341, 1991. ISSN 08948763. doi: 10.1175/1520-0450(1991)030h0327:FPOLSFi2.0.CO;2. URL https://doi.
org/10.1175/1520-0450(1991)030<0327:FPOLSF>2.0.CO;2.
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